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We predict magnon polariton states circulating unidirectionally in a microwave cavity when loaded
by a number of magnets on special lines. Realistic finite-element numerical simulations, including
dielectric, time-dependent and non-linear effects, confirm the validity of the approximations of a
fully analytical input-output model. We find that a phased antenna array can focus all power into
a coherent microwave beam with controlled direction and an intensity that scales with the number
of magnets.
I. INTRODUCTION
The strong magnon-photon coupling in microwave cav-
ities [1–3] allows, e.g., manipulation of spin currents [4–
7], nonreciprocal microwave engineering [8], the design
of logic devices [9], data storage [10] and magnon entan-
glement for quantum information [11]. In closed cavi-
ties the coherent coupling hybridizes magnon and pho-
ton levels into cavity-magnon–polaritons, which can be
identified in terms of a level repulsion between magnon
and photon levels, while a dissipative coupling in open or
leaky waveguides causes level attraction [12–16]. Anal-
ogous with structures that are coupled by optical res-
onators [17], metamaterials [18] and dielectric nanostruc-
tures [19, 20], multiple magnets inside a cavity form new
collective modes by the real or virtual exchange of cav-
ity photons [10, 21, 22]. The polarization-momentum
coupling of confined electromagnetic waves [23–25] can
be employed to realize magnet-based broadband non-
reciprocity and devices such as circulators [26, 27] and
a magnon accumulation in an open waveguide [28–30].
Here we explore the chiral coupling between magnets in
a high-quality closed cavity, i.e., the magnon only couples
to the photon circulating in one direction. We work with
a torus shape illustrated in Fig. 1(a) and YIG spheres
with 1 mm diameter. A chiral cavity magnon polariton
state forms by putting a magnet on the special lines or
plane in the cavity at which the circular polarization of
a cavity mode is locked to its propagation direction. Ex-
citing an array of N magnets on such a line by local
microwave antennae with power P0 can generate a high-
power (∼ NP0) uni-directional photon beam with high
coherence and narrow band width.
In Section II we introduce the model cavity, review
the basics of its dynamics without and with a magnetic
load and explain the principle of the chiral coupling when
magnets are put only on the special planes. We dis-
cuss the numerical solutions of the coupled Maxwell and
Landau-Lifshitz Gilbert equation for a given torus cavity
with up to 4 inserted magnets in Section III. These calcu-
lation justify several approximations that allow analyti-
cal calculations of, for example, the microwave scattering
matrix and collective modes, as explained in Section IV.
The manuscript ends with a discussion in Section V and
a few Appendices with technical details.
Figure 1. (a) Torus-shaped cavity (R1 = 15 mm, R2 = 30 mm,
h = 6 mm) with two microwave ports. A YIG sphere with
diameter 1 mm and magnetization (black arrow) saturated in
the z-direction is located at a distance ρ+ from the center.
The colored background encodes the computed electric field
modulus |Ez| of the m = 2 TE cavity mode, see Appendix
A. (b) Magnon-photon coupling strength |g±| Eq. (D5) as a
function of the radial coordinate ρ. (c) Enlarged cavity section
close to the magnet, indicating the polar angle φ and the three
special positions ρ0 and ρ± from (b). The background color is
the electric field amplitude Re(Ez) with color code as in (a)
with magnet on ρ0, while the arrows encode the computed
direction and modulus of the ac magnetic field Im(H).
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2II. MODEL
We focus on the lowest TE mode of a torus with inner
and outer radii R1 and R2 and height h in the coordinate
system of Fig. 1(a), in which the electric-field components
Ex,y = 0 and Ez is homogeneous along the zˆ-direction
(see Appendix A). The local magnetic field H(ρ, φ) =
Hρeˆρ +Hφeˆφ reads
Hρ(ρ, φ) =
1
µ0γmc
m
ρ
Ez,
Hφ(ρ, φ) = −i 1
µ0γmc
∂Ez
∂ρ
, (1)
where µ0 and c are the permeability and speed of light
in vacuum, {ρ, φ} are the cylindrical coordinates and
γm = ωm/c with frequency ωm. The integer m governs
the orbital angular momentum of degenerate clockwise
(CW, m > 0) and counter-clockwise (CCW, m < 0 )
photon circulation. The rotation direction is “locked” to
the momentum by ±|m|. At the special positions ρ± in
Fig.1(b) governed by
m
ρ±
Ez(ρ±) +
∂Ez(ρ)
∂ρ
∣∣∣∣
ρ=ρ±
= 0, (2)
the magnetic field is circularly polarized with Hφ =
isgn(m)Hρ. At ρ0 in Fig.1(b), ∂ρEz(ρ)|ρ=ρ0 = 0 and the
magnetic field is linearly polarized. Fig. 1(c) shows the
m = 2 TE mode, in which the colored background repre-
sents the computed Re(Ez) and the arrows the direction
and magnitude of Im(H).
We load the cavity with N magnetic spheres centered
at (ρ, φl) (l ∈ {1, · · · , N}). The magnetization Ml(r)
couples to the microwaves through the Zeeman interac-
tion. The magnets are saturated to Mszˆ by a static field
H0 = 0.3895 T. The transverse dynamics m of a mag-
net on ρ±, couples only to one of the counter rotating
cavity modes. The magnets interact with each other via
the cavity modes and form collective states that can be
selectively excited by an array of local antennas attached
to the magnetic spheres.
We compute the dynamical properties both in the fre-
quency and time domain (see Appendix B). In the former,
we numerically solve the coupled Maxwell and linearized
Landau-Lifshitz-Gilbert (LLG) equation in the frequency
domain in the macrospin and rotating wave approxima-
tions [22, 31]
iωm = zˆ× (ωMH− ωKm+ iαωm), (3)
where ω is the angular frequency, ωM = γMs with γ the
(modulus) of the gyromagnetic ratio, α is the Gilbert
damping constant, and ωK = γH0 is the Kittel mode
frequency which linearly depends on the external field
H0 [32]. The solution of Eq. (3), m = µ0ζH, defines
the susceptibility ζ and the permeability (the overlines
denote tensors)
µM = I + ζ =
 1 + u −iv 0iv 1 + u 0
0 0 1
 , (4)
where u = (ωK − iαω)ωM/[(ωK − iαω)2 − ω2] and v =
ωωM/[(ωK − iαω)2 − ω2] and the driving magnetic field
H is injected by the ports and generated at local anten-
nae. The presence of the magnetic spheres affects the mi-
crowave by the spatially dependent relative permittivity
εr(r) and permeability µr(r) through Maxwell’s equation
[33], e.g.,
∇× [µr(r)−1∇×E]− k2εr(r)E = 0, (5)
where k = ω/c is the wave number of light in vacuum.
For YIG (εr, µr) = (15, µM) [34] inside the magnets and
(εr, µr) = (1, 1) in the rest of the cavity.
The energy transported by propagating electromag-
netic waves is captured by the cycle-averaged Poynting
vector P = 12Re (E∗ ×H) [33], where the asterisk symbol
denotes the complex conjugate. The Poynting vector en-
codes both the direction and modulus of the energy flow
and is proportional to the linear momentum density with
p = P/c2. The latter can be separated into an orbital
and a spin contribution p = po +ps [35–39]. The orbital
momentum p0 reads
po =
1
4ω
Im [ε0E
∗ · ∇E+ µ0H∗ · ∇H] , (6)
where ε0 and µ0 are the vacuum permittivity and perme-
ability. The spin part of the linear momentum density
ps =
1
2∇ × s, where s is the spin angular momentum
(SAM) density,
s =
1
4ω
Im [ε0E
∗ ×E+ µ0H∗ ×H] (7)
which at GHz frequencies is dominated by the magnetic
field component. A finite SAM implies a photonic energy
and momentum flow.
III. NUMERICAL RESULTS
The CW and CCW TE modes form standing wave
modes by the perturbation formed by the ports or the
magnet. This normal scattering competes with the chiral
coupling between magnetic field and the dynamic magne-
tization. Both contribute to the mixing with other cavity
modes which are included in the numerical calculations.
Nevertheless, in the present configuration the m = ±2
cavity modes with frequency ωc = ωm=±2 =10.84 GHz
dominate.
The calculated microwave transmission spectra S21(ω)
(see Appendix B) through the ports 1 and 2 in Fig. 2(a)-
(d) for a cavity loaded with a single sphere contain
detailed information about the magnon polariton. In
3Figure 2. (a)-(d), Transmission power spectrum |S21|2 calculated numerically for a single magnetic sphere located in the cavity
at (a) ρ−, φ=0, (b) ρ+, φ=0, (c) ρ0, φ=0 and (d) ρ0, φ=pi/4. The dashed vertical line is at H0 = 0.3895T . (e) Integrated spin
angular momentum (SAM) Eq. (7)) across the cavity cross section for a magnet at ρ−, ρ0 and ρ+ as a function of microwave
input frequency. Insets: SAM density polarized along z and orbital momentum density (black arrows indicate direction and
modulus) Eq. (6) in the cavity plane. Letters A-F label the resonance peaks in Fig. 2(a-b).
Fig. 2(a) the macrospin (Kittel) mode in a magnet at
ρ− couples strongly with the CCW mode with a split-
ting indicated by (A, C), while the CW mode appears
to not interact (B). The magnet at ρ+ only couples to
the CW mode (Fig. 2(b)). The gap is smaller than in
Fig. 2(a), consistent with a larger circumference of the
circle with radius ρ+. The spectra do not depend visibly
on the polar position φ of the magnet (not plotted here).
The double peak structure far from the anticrossing is
caused by the normal scattering between the m = ±2
modes. A magnet on ρ0 interacts with both propagat-
ing CW and CCW modes but now the coupling depends
on φ, another evidence for normal scattering that pins a
standing wave magnetic field distribution ∼ sin 2φ with a
maximum at φ = pi/2 and a node at φ = 0 as observed in
Fig. 2(c)(d) and also as a modulation of the electric field
in Fig. 1(a). These effects are relatively small because the
size of the magnet (1 mm) is much smaller than the wave-
length divided by the dielectric constant of the sphere
λ/ ∼ 9.4 mm). The magnetic sphere can be treated as a
point particle, while the chiral coupling overwhelms the
normal scattering when the magnets are on special lines
ρ±, which allows to adapt below the analytic treatment
introduced by Yu et al. [28–30] for a straight wave guide.
In our configuration the SAM ( Eq. (7)) is transverse,
i.e. perpendicular to the wave propagation. Physically,
the SAM is the local degree of microwave circular po-
larization which has a node at ρ0 and extrema at ρ±,
as plotted in the insets of Fig. 2(e) for the resonances
labeled A-F in Fig. 2(a)(b). Since s˙ = 0, the photon
spin current is conserved. The finite curvature shifts the
resonance frequencies for C and F as well as A and D
and the contribution from the outer region wins in the
integral over the cross section in Fig. 2(e) and peaks at
the resonances. For a magnet on ρ− (Fig.2(a)), the hy-
bridized modes A and C propagate CCW but when on
ρ+, F and D move CW. We observe finite magnet size
effects, viz. (i) the nominally uncoupled modes B and E
acquire a weak chirality opposite to that of the strongly
coupled modes, (ii) signals when the magnet is on ρ0.
Next, we consider the magnonic dimer, i.e. two spheres
(N = 2) at ρ+ on opposite sides of the torus with an
FMR at 10.904 GHz detuned from the m = 2 cavity mode
(10.84 GHz). At this distance, the direct magnetodipolar
interaction between the magnets is negligibly small. A
local bias field with opposite sign on each sphere H0±∆H
breaks the symmetry and mixes the bright acoustic (G)
and dark optical modes (H) [22] when (∆H 6= 0).
We compute the non-stationary dynamics by solving
the coupled Maxwell and Landau-Lifshitz-Gilbert equa-
4Figure 3. (a) Transmission power spectrum |S21|2 of a
magnonic dimer with applied field H0 =0.3913 T when both
spheres are on ρ+ with φ = 0, pi. (b) Enlarged view of the
anti-crossing levels. (c)-(d) Simulation of the time-dependent
dynamics of the cavity photons (Ez component) emitted by
the magnonic dimer. In (c) the bright mode (the G spot in
(b)) is excited by a local transverse magnetic field pulse (dura-
tion indicated by grey shading) with the same phase on both
magnets, while in (d) an out-of-phase pulse excites the dark
mode (H point in (b)).
tions in the time domain (see AppendixB). Figure 3(c)
and (d) show the spatio-temporal propagation of the
microwave Ez-field along φ on the circle (ρ0, h/2) for
the set-up of Fig. 3(a). We excite the magnets off-
resonantly by a transverse magnetic field pulse of the
form sin(2pif0t), with frequency f0 close to the FMR
10.9 GHz and duration 1/f0. Equal phases on both
magnets excited the bright state (G spot in Fig. 3(b)).
The magnetization “pumps” cavity photons that accu-
mulate over an RC time constant (∼1 ns) that is gov-
erned by the ratio of the coupling strength and dissi-
pation rate. The (nearly) steady state decays on a ms
scale governed by the weak damping. The constant slope
φ˙ ≈ 2pi/(100 ps) = 2pi × 10 GHz of the phase patterns
in Fig. 3(c)) is consistent with the photon phase velocity
vphase = 7.5× 108 m/s, where vphase = ω/
√
k2 − k2c , k =
ω/vvacuum, kc = pi/a, the width of waveguide a = 15 mm,
and ω = 2pi ·10.918 GHz. vphase > c, but the group veloc-
ity of energy transport vgroup = c
2/vphase = 1.2×108 m/s.
Dark mode magnons excited by out of phase local fields
(H point in Fig. 3(b)) and Fig. 3(d) hardly generate any
cavity photons, as expected.
Figure 4 shows results from time-dependent simula-
tions for different numbers of magnets. The Poynting
flux, i.e. the integral of the Poynting vector Pflux =
n · ∫
Ω
Pdρdz = n · ∫
Ω
E × Hdρdz over the cavity cross
section Ω, is the circulating power and Pflux > 0 in the
CW direction. Here we drive N ∈ {1, 2, 3, 4} magnets
by circularly polarized pulses from local antennas with
phases matched to the bright magnon polariton state.
The local fields excite only magnons (not magnon po-
laritons) so we observe Rabi beatings between magnons
and photons. The maximum microwave power and Rabi
frequency scale linearly with N .
Figure 4. Time-dependent Poynting flux Pflux calculated
for 1 to 4 magnets equidistantly located on the circle
ρ+. The local pulses on each sphere have the form
hlocal = (A cos(ωt+ ϕl), A sin(ωt+ ϕl), 0) with amplitude
A =1000 A/m, frequency ω/2pi = 10.82 GHz and phase ϕl =
6(l− 1)pi/N (duration T = 2/f0 = 0.18 ns as indicated by the
grey shading).
When under high excitation the in-plane magnetiza-
tion component reaches ∼ 0.4, (precession cone angle
∼ 24◦), the linear approximation breaks down and the
power output does not linearly scale with the number of
spheres N anymore. We can access these effects since
we solve the dynamics of the magnon-photon hybrid sys-
tem without linearization or rotating wave approxima-
tion, keeping in mind that we are still in the macrospin
approximation. In Fig. 5 we drive a single magnetic
sphere by a sustaining local source that is switched on
at t = 0. The nonlinear regime is reached after about
t = 3 ns. We estimate the maximum power, by integrat-
ing the Poynting flux over the cross section. A single
magnet can pump 500 W in the linear and 7000 W in the
chaotic regime (red signal in Fig. 5) into a unidirectional
5mode. Two spheres inject 1300 W in the linear and up
to 10 000 W in the chaotic regime (blue signal in Fig. 5).
The spheres are on ρ+ and nominally couple only to the
CW mode. The negative Poynting flux indicates CCW
mode excitation in the chaotic regime.
Figure 5. Nonlinear dynamics of strongly driven magnon po-
laritons. The Poynting flux Pflux is plotted in red for N = 1
and blue for N = 2. The magnetic sphere on ρ+ are contin-
uously driven by a circularly polarized local field hlocal(t) =
(A cosωt,A sinωt, 0)) with magnitude A =1000 A/m and fre-
quency ω/2pi =10.82 GHz that is switched on at t = 0. For
N = 2 case the bright state is excited. Inset: in-plane com-
ponent of the precession for N = 1.
IV. ANALYTICAL INPUT-OUTPUT MODEL
The simulations show that the Hilbert space of the
problem is to a good approximation limited to two cav-
ity modes, magnets behave like point particles, and cav-
ity mode mixing is very small. This allows us to build a
simple yet accurate model for the collective modes with
emphasis on the power output for an arbitrary number
of magnetic inserts. We use a quantum description for
convenience, noting that classical picture is recovered by
replacing operators by field amplitudes. The following
holds in the linear regime and we adopt the rotating wave
approximation that is valid outside the ultrastrong cou-
pling regime. We refer for technical details to Appendix
C.
The system Hamiltonian Hˆ = Hˆp + Hˆm + Hˆint has
contributions from the photons, magnons, and their in-
teraction, respectively. The cavity photons are harmonic
oscillators with frequency ωm and creation/annihilation
operators αˆ†m/αˆm (Appendix C)
Hˆp =
∑
m
~ωmαˆ†mαˆm. (8)
At not too high excitations, N identical magnets can
be modelled as a sum of degenerate harmonic oscillators
with Kittel mode frequency ωK and creation/annihilation
operators mˆ†l /mˆl for the l-th magnet:
Hˆm = ~ωK
N∑
l=1
mˆ†l mˆl. (9)
The Zeeman interaction between the photon magnetic
field and the magnetic inserts reads
Hˆint = ~
∑
m
N∑
l=1
|gl,m|eim∗φl αˆmmˆ†l + H.c. (10)
with m∗ = m+ 1, and coupling strengths gl,m [29] (refer
to Appendix D) that depend on position ρl and magni-
tude as well as polarization of the local field, as shown
in Fig. 1(b). The net increase of 1 between m∗ and m
reflects the circulating topology of photon states. We
do not restrict the equal spacing of the magnets, i.e.,
an abitrary distribution of φl. On the special circles ρ+
(ρ−), one of the coupling strength |g−(ρ+)| (|g+(ρ−)|)
vanishes. The pure chiral coupling |g−(ρ−)| = 0.026 GHz
on ρ− and |g+(ρ+)| = 0.023 GHz on ρ+ calculated for 1
mm YIG spheres and microwave amplitudes of the empty
cavity agrees with the level splittings in Fig. 2(a) and (b).
The dynamics of the conservative system is governed
by the Heisenberg equation of motion corresponding to
the model Hamiltonian augmented by sources (drive) and
sinks (dissipation) terms. When all magnets are on ρ+
the right circulating photon αˆ+ couples to both the cavity
input Qˆin =
√
κr qˆin via the coupling rate κr and the
magnons. We may disregard the other mode αˆ− since
we only focus on the chiral coupling to the cavity mode
m = +2. The equation of motion reads
i
dαˆ+
dt
= ωmαˆ+ − i κ˜α
2
αˆ+ + |g+|
∑
l
e−im∗φlmˆl − iQˆin,
i
dmˆl
dt
= ωKmˆl + |g+|e−im∗φl αˆ+ − i κ˜m
2
mˆl − iPˆl, (11)
where κ˜α = κα+κr and κ˜m = κm+δr describe dissipation
in the form of the sum of intrinsic and radiative damping
of photons and magnons, respectively, and Pˆl =
√
δrpˆl
with local antenna input pˆl. The output amplitude at
the port pˆout =
√
κrαˆ+ is governed by the same radia-
tive damping κr as the input one since we consider iden-
tical ports in this work. To solve the equation of motion,
we use the Bloch ansatz Ψˆχ(ω) =
∑N
l=1 e
iχφlmˆl(ω)/
√
N
with “crystal momentum” χ, leading to(
ω − ωK + i κ˜m
2
)
Ψˆχ − Γ+(ω)Am∗(χ)Ψˆm∗
= − i√
N
Am∗(χ)
Γ+(ω)
|g+| Qˆin(ω)−
i√
N
∑
l
eiχφl Pˆl(ω).
(12)
As demonstrated later, when the magnets at φl are
equally spaced, χ ∈ Z0 by the translation symmetry;
otherwise, χ is not generally an integer. Here Γ+(ω) =
6|g+|2/ (ω − ωm + iκ˜α/2) is the photon-mediated ef-
fective magnon-magnon interaction and Am(χ) ≡∑N
l=1 e
i(χ−m∗)φl is a cumulative phase factor.
We see that χ = m∗ is a solution with Am∗(m∗) =
N and m∗ labels the “bright” cavity magnon polariton
whose frequencies obey(
ω − ωK + i κ˜m
2
)(
ω − ωm + i κ˜α
2
)
= N |g+|2, (13)
with a coupling strength enhanced by
√
N compared to
a single magnet but still with a damping of one magnet.
χ = m∗ and the associated frequency are solutions even
when the polar coordinate φl are randomly distributed.
All other solutions are degenerate at ωK − iκ˜m/2 since
Am∗(χ 6= m∗) = 0, enforcing that
N∑
l=1
ei(χ−m∗)φl = 0 (14)
and the roots determine the “momentum” of the other
modes. They are “dark”, i.e., do not couple to the cavity
photons. The degeneracy implies a flatband with respect
to the “momentum”. These solutions are readily applied
to the quantum emitters such as atom electric dipoles in
a closed cavity as well. In the dispersive regime with
a detunning between the magnon and photon modes,
the photon can mediate an effective coupling between
magnons, i.e., Γ in the above. The dispersive energy gap
between bright and dark modes in Fig. 3 can be estimated
by NΓ+ = N |g+|2(ωc − ωK)/
[
(ωc − ωK)2 + (κ/2)2
]
=
0.013 GHz for a joint magnon and photon dissipation
κ/2 = 3.88 MHz and ωc =10.84 GHz, agree well with
the numerical experiments.
For a general excitation by the ports and lo-
cal sources, the excited magnon amplitudes M =(
mˆ1(ω), mˆ2(ω), · · · , mˆN (ω)
)T
is
M = Ψm∗(ω)
(
e−im∗φ1 , e−im∗φ2 , · · · , e−im∗φN )T , (15)
with bright mode magnon amplitude
Ψˆm∗(ω) =
−i√N Γ+(ω)|g+| Qˆin(ω)− i 1√N
∑
j e
im∗φj Pˆj(ω)
ω − ωK + iκ˜m/2−NΓ+(ω) .
(16)
and cavity photon amplitude
αˆ+(ω) =
|g+|
√
NΨˆm∗(ω)− iQˆin(ω)
ω − ωm + iκ˜α/2 . (17)
With only global input (Qˆin 6= 0, Pˆj = 0), this mode is
split-off from the degenerate magnon and photon modes
by the resonant polariton gap
√
N |g+|.
The microwave transmission between the ports com-
municated by CW modes reads
S12(ω) =
−iκr
ω − ωm + i κ˜α2 − N |g+|
2
ω−ωK+iκ˜m/2
, (18)
Of special interest is the output power |pˆout|2 = κr|αˆ+|2
when microwaves are injected via the local antenna array
(and Qˆin = 0) phase matched to the bright mode as
Pˆj(ω) = Pˆ0(ω)e
−im∗φj . The amplitude for either one
of the two magnon polariton frequencies ωP = (ωm +
ωK)/2±
√
(ωm − ωK)2 /4 +N |g+|2 reads
αˆ+(ωP) =
−2N |g+|Pˆ0(ωP)
κ˜α(ωP − ωK) + κ˜m(ωP − ωm) + iκ˜ακ˜m/2
(19)
For κ˜α  κ˜m and ωm = ωK, and disregarding out-of-
phase term, we arrive at
αˆ+(ωP)→ ∓2
√
NPˆ0(ωP)
κ˜α
+O(κ2). (20)
The output power |pˆout|2 = κr|αˆ+|2 scales linearly with
N , which explains the numerical results such as presented
in Fig. 4. The coupling scales with the number of spins
in the sample, but instead of inserting one big magnet,
the spins are allowed to be distributed when strongly
coupled by the magnon-photon interaction. This process
is especially efficient when the magnets are on the chiral
line, because all pumped energy is focused into just one
propagating cavity mode.
V. DISCUSSION
Here we address an ensemble of magnets on the chiral
planes of microwave cavities and find that they act as
“photonic wheels” [36, 40] that propel a unidirectional
photon spin, momentum, and energy current, but in the
microwave regime and on a macroscopic scale. Load-
ing the cavity with N magnets enhances the effective
coupling constant by
√
N while the microwave power at
resonance scales like N . The distributed spins are coher-
ently coupled and focus the distributed power input into
a single mode and direction. A chiral photon energy cur-
rent can also be generated by nanomechanical elements
arranged on a ring that are coupled and driven optically,
while the current direction is controlled by side-band Ra-
man scattering [41].
Our torus cavity is representative for other shapes that
guide photons into closed orbits such as disks or (normal
of superconducting) co-planar wave guides [42–44]. An
open structure reduces the quality factor, but allows for
other detection strategies of chiral microwave currents.
For example, the toroidal radiation from the dynamical
anapole (see Appendix E can be detected in an open
cavity, such as a ring-shaped coplanar waveguide [45].
We may interpret the ring-like cavity with magnets on
chiral lines also as a miniature storage ring for the gen-
eration of intense polarized microwaves by pumping with
distributed weak power sources. Scattering and absorp-
tion experiments can be carried out by inserting “sam-
ples” into designated locations or by coupling the mi-
crowaves out of the ring by semitransparent mirrors.
7Similar to the aromatic molecules in conventional
chemistry, the collective dynamics of magnets with
chiral coupling can be treated as a chiral magnonic
molecule, which demonstrates circulating photonic spin
currents, facilitating the design of non-reciprocal devices
for present microwave as well as future quantum infor-
mation technologies.
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Appendix A: Electrodynamics of a torus cavity
Here we derive the eigenmodes of the torus-shaped cav-
ity with rectangular cross section (width w = R2 − R1
and height h, where R1/2 denotes the inner/outer radius).
The free-space Maxwell equations read [33]
∇×E+ µ0 ∂H
∂t
= 0, ∇×H− ε0 ∂E
∂t
= 0, (A1)
with (conducting) boundary conditions at metallic cavity
walls
n×E|S = 0, n ·H|S = 0. (A2)
The solutions come in two orthogonal sets, viz. TE-
modes with Hz = 0 and ∂nEz|S = 0 and TM-modes
with Ez = 0 and ∂nHz|S = 0. Here we focus on the TE
modes with E = Ez zˆ. In cylindrical coordinates {ρ, φ, z}
Ez = ψ(ρ, φ) cos
(ppiz
h
)
, p = 0, 1, 2, · · · . (A3)
with amplitudes ψ that obey the wave equation
(∇2t + γ2p)ψp = 0, (A4)
where p is the mode number in the z direction and γp =√
ω2/c2 − (ppi/h)2, or
1
ρ
∂
∂ρ
(
ρ
∂ψ
∂ρ
)
+
1
ρ2
∂2ψ
∂φ2
+ γ2pψ = 0. (A5)
With ψ(ρ, φ) = Rm(ρ)e
imφ and m ∈ Z0, we generate the
Bessel functions of order m that solve [46, 47]
1
ρ
∂
∂ρ
(
ρ
∂Rm(ρ)
∂ρ
)
+
(
γ2p,m −
m2
ρ2
)
Rm(ρ) = 0, (A6)
The general solution is
Rm(ρ) = Jm(γp,mρ) + CNm(γp,mρ), (A7)
with Jm and Nm being the Bessel functions of the first
and second kind, respectively and the boundary condi-
tions determine the integration constant C. At the inner
and outer boundary, the condition with Ez = 0 yields
Jm(γp,mR2) + CNm(γp,mR2) = 0, (A8)
Jm(γp,mR1) + CNm(γp,mR1) = 0. (A9)
Thus, C = −Jm(γp,mR1)/Nm(γp,mR1) and γp,m is de-
termined by
Jm(γp,mR2)Nm(γp,mR1) = Jm(γp,mR1)Nm(γp,mR2).
(A10)
The electric field is
Ez(ρ, φ, z) =(
Jm(γp,mρ)− Jm(γp,mR1)
Nm(γp,mR1)
Nm(γp,mρ)
)
eimφ cos
(ppiz
h
)
.
(A11)
subject to a normalization factor governed by Eq. (C4).
From the Maxwell equations A1 we obtain the magnetic
field components of the TE mode
Hx(ρ, φ, z) = −i ω
µ0γ2p,mc
2
∂yEz
= −i ω
µ0γ2p,mc
2
(
sinφ
∂
∂ρ
+
1
ρ
cosφ
∂
∂φ
)
Ez,
Hy(ρ, φ, z) = i
ω
µ0γ2p,mc
2
∂xEz
= i
ω
µ0γ2p,mc
2
(
cosφ
∂
∂ρ
− 1
ρ
sinφ
∂
∂φ
)
Ez.
(A12)
For small h modes with p 6= 0 are pushed to high frequen-
cies and may be disregarded. In cylindrical coordinates,
Hz = 0 and H(ρ, φ) = Hρeˆρ +Hφeˆφ with
Hρ(ρ, φ, z) =
1
µ0γmc
m
ρ
Ez
Hφ(ρ, φ, z) = −i 1
µ0γmc
∂Ez
∂ρ
(A13)
With R1 = 15 mm and R2 = 30 mm, Eq. (A10)
leads to the eigenfrequencies ωm = cγp=0,m =
{10.84, 11.87, 13.16} GHz for m = {2, 3, 4}, which agrees
with the numerical results as shown in Fig. A1.
The field distribution of small torus cavities differs
from straight open waveguides. We observe in Figure 1
that the magnetic field is not maximal in the center and
at the chiral lines but shifted to the edges. Increasing the
torus circumference for constant cross section shifts the
maximum field into the center, but also decreases the lo-
cal amplitude of a given cavity mode. The straight wave
guide limit is reached when the discrete m-modes merge
into a one-dimensional continuum.
Appendix B: Numerical method
We conduct finite-element simulations based on COM-
SOL Multiphysics [48]. The spin dynamics is governed
8Figure A1. Numerical reflection (S11, blue) and transmission
(S11,green) spectra of the empty cavity. The lowers panels
show the electric field amplitudes of the TE modes with m =
{2, 3, 4}.
by the Landau-Lifshitz-Gilbert equation
∂m
∂t
= −γm×Heff + αm× ∂m
∂t
(B1)
with (modulus of) the gyromagnetic ratio γ, the Gilbert
damping constant α and the effective fieldHeff containing
the exchange interaction, static external field H0, and
dynamic magnetic field H (including the dipolar field Hd
inside the sphere). The magnetic field inside and outside
the sphere is the solution of Maxwell’s equation. The
vector potential A(r, t) that governs the dynamics of the
electromagnetic waves
µ0ε0
∂
∂t
(
εr(r)
∂A
∂t
)
+∇× (µ−1r (r)∇×A) = 0 (B2)
where the relative permittivity εr = 1(15) [34] outside
(inside) the sphere and the relative permeability µr(r) =
1 for both inside and outside the sphere. The standard
magnetic boundary condition at the surface of the sphere
reads
n×
(
∂A1
∂t
− ∂A2
∂t
)
= 0
n ·
(
ε1
∂A1
∂t
− ε2 ∂A2
∂t
)
= 0
n× ( 1
µ0
∇×A1 − 1
µ2
∇×A2 −M) = 0
n · (∇×A1 −∇×A2) = 0,
(B3)
where the label 1, 2 denotes the region inside and outside
the sphere. The last line corresponds to n·(B1−B2) = 0,
and B = µ0(H + M). The solutions of these coupled
equation entail the dynamics of the hybrid system.
In the first approach, we solve the linearized coupled
equations in the frequency domain. The magnetization
which in the ground state is along the zˆ direction can be
written as M = Mszˆ+m, where the small amplitude m
satisfies:
iωm = zˆ× (ωMH− ωKm+ iαωm) (B4)
where ωM = γMs with the saturated magnetization
Ms = 0.176 T [49], gyromagnetic ratio γ/(2pi) =
28 GHz/T, the magnon dissipation rate κ = 2αωK with
Gilbert damping α = 7.8× 10−5. In the cavity, the Kit-
tel mode frequency ωK = γH0 is slightly shifted by about
56 MHz for the considered configuration. Since Eq. (B1)
can be represented in the form m = ζh, and the equiva-
lent permeability of the magnetic sphere is [22, 31]
µM = I + ζ =
 1 + u −iv 0iv 1 + u 0
0 0 1
 (B5)
where
u =
(ωK − iαω)ωM
(ωK − iαω)2 − ω2
, v =
ωωM
(ωK − iαω)2 − ω2
(B6)
The electromagnetic wave in the cavity (including the
magnetic sphere) is governed by the Maxwell’s equation
∇× [µr(r)−1∇×E]− k2εr(r)E = 0 (B7)
where k = ω/c is the wave vector of light in vacuum.
The relative permeability µr(r) = 1 outside the magnetic
sphere, and µr(r) = µM inside the magnetic sphere. The
boundary condition at the surface of the sphere reads
n× (E1 −E2) = 0
n · (ε1E1 − ε2E2) = 0
n× (H1 −H2) = 0
n · (µ1H1 − µ2H2) = 0
(B8)
where labels 1, 2 denotes the region inside and outside
the sphere. Since the magnetic dynamics is treated by
an effective permeability, this code does not capture the
static stray field from the magnetic sphere, which is not
an issue as long as different spheres are sufficiently sep-
arated from each other. By connecting two ports with
(εr, µr) = (2, 1) to the system and integrate the electric
field on the surface of the ports, we can calculate the
transmission (reflection) spectrum S21 (S11) [48].
In the time-dependent simulations we take into account
the full non-linearity of the LLG, but use the macrospin
approximation for the magnetization field. A magnetic
field pulse is locally applied on the spheres to mimic the
excitation by proximity coils as used in experiments [10,
21].
Appendix C: Quantization of the electromagnetic
field
The photon Hamiltonian is
Hˆp =
∫
dr
[ε0
2
E(r) ·E(r) + µ0
2
H(r) ·H(r)
]
. (C1)
9For our TE mode, the electric and magnetic fields are
quantized by the photon operator αˆp,m,
H(r) =
∑
p
∑
m
[Hpm(ρ, z)eimφαˆp,m +Hp∗m (ρ, z)e−imφαˆ†p,m] ,
E(r) =
∑
p
∑
m
[Epm(ρ, z)eimφαˆp,m + Ep∗m (ρ, z)e−imφαˆ†p,m] ,
(C2)
which can quantize Eq. (C1) to the harmonic oscillator
Hˆp =
∑
p,m ~ωp,mαˆ†p,mαˆp,m with the normalization con-
dition∫
dr
(ε0
2
|Epm(ρ, z)|2 +
µ0
2
|Hpm(ρ, z)|2
)
=
~ωp,m
2
, (C3)
leading to
pi
∫ R2
R1
ρdρ
∫ b
0
dz
(
ε0|Epm(ρ, z)|2 + µ0|Hpm(ρ, z)|2
)
=
~ωp,m
2
.
(C4)
We focus on TE mode with p = 0 in this work.
Appendix D: Quantum Hamiltonian for multiple
magnets
By loading the torus-like cavity with N small magnetic
spheres centered at positions {(ρl, φl)} (l = 1, 2, · · ·N),
the photon can couple to the magnetization Ml(r)
through the Zeeman interaction
Hˆint = −µ0
N∑
l=1
∫
dr
[
H
(l)
0 (r) ·Ml(r) +H(r) ·Ml(r)
]
,
(D1)
where H
(l)
0 represents the applied static magnetic field
that saturates the magnetization of each sphere to Ml,s.
The magnetization can be expressed by the spin opera-
tor as Ml(r) = −γ~Sl(r), where −γ is the gyromagnetic
ratio. The microwaves with amplitude nearly constant
over the magnets excite only the uniform precession of
the ordered spins, i.e. the Kittel mode.
With saturated magnetization along the zˆ-direction,
the spin operators can be expanded by the Kittel mode
as
SˆKl,β(r, t) =
√
2Ml,s/(γ~)
[
MKl,β(r)mˆl(t) +M
K∗
l,β (r)mˆ
†
l (t)
]
,
(D2)
in which mˆl denotes the magnon annihilation operator,
and MKl,β is the corresponding eigenfunction of the Kit-
tel mode (which is constant inside and zero outside the
magnet) with β = {x, y} and normalization∫
dρdz
[
MKl,x(r)M
K∗
l,y (r)−MK∗l,x (r)MKl,y(r)
]
= −i/2.
(D3)
Because the magnetization is uniform in the magnetic
sphere and the Kittel mode is circularly polarized with
Ml,y = iMl,x. By Eqs. (D2) and (C2), the interaction
Hamiltonian in the rotating wave approximation reads
Hˆint = ~
∑
m
N∑
l=1
|gl,m|eim∗φl αˆmmˆ†l + H.c., (D4)
wherem∗ = m+1 due to the topology of the torus-shaped
cavity and coupling strength [29]
gl,m = µ0
√
γMl,sVl,s
2~
[Hmρ (ρl) + iHmφ (ρl)] . (D5)
where Vl,s is the volume of each magnetic sphere, Hmρ (ρl)
and Hmφ (ρl) are the normalized magnetic field calculated
according to Eq. (C4). Figure 1(b) in the main text shows
the coupling strength according to Eq. (D5) for m = ±2.
In general, gm 6= g−m, implying at least partially-chiral
coupling, depending on the position of the sphere, i.e.,
the coupling strength between magnon and photon can
depend on the photon propagation direction. We dis-
regard the normal scattering ~gn
∑
m αˆ
†
mαˆ−m since the
simulations show that they cause only weak effects in the
present set-up.
Appendix E: Anapole
The anapole (toroidal dipole moment) is a localized
electromagnetic excitation, distinct from the magnetic
and electric dipoles. The anapole is defined in terms of
the far field of a torus with electric currents flowing on
its surface as the leading term in a toroidal multipole
expansion. [50, 51]. Alternatively, static and dynamic
magnetizations contribute to the anapole [52]
T =
1
2
∑
j
rj ×Mj (E1)
The magnonic molecule is composed of spatially dis-
tributed magnets that can contribute a static anapole
TS. A TD is generated by the dynamical magnetization
m = M −M0, where M0 is the equilibrium magnetiza-
tion.
The static anapole of a ring of magnets van-
ishes when magnetizations are parallel and is max-
imized for an in-plane closed-flux configuration, e.g.
Mj0 = ±Ms(− cosφj , sinφj , 0) at positions rj =
ρ(sinφj , cosφj , 0):
TS = ±1
2
ρMs
∑
j
(sin2 φj + cos
2 φj)zˆ = ±N
2
ρMszˆ (E2)
where ± indicates the direction of the moments.
When the spins interact, the static anapole corre-
sponds to a strained magnetic configuration, which
is equivalent to a ground state spin current Js =
−δE[M]/δM. The dipolar energy density of the i-th
magnet is Ei = −µ0Mi ·
∑
jHd, where Hd is the dipolar
10
field contributed by sphere j at the position of sphere i.
The spin current vanishes when the system minimizes or
maximizes the energy, i.e. when all magnetizations are
collinear. In that limit TS vanishes. The concept of TS
is derived from the dipolar energy in vacuum, so it can-
not be related to cavity-induced interactions between the
magnets.
The transverse collective motion of the magnonic
molecule also contributes, however. For N evenly dis-
tributed spheres on the radial position ρ, precessing like
mj(t) = m0 exp[iωt+ iϕj ] and equal average amplitude
m0 the dynamical anapole reads
TD =
1
2
∑
j
rj ×mj(t)
=
ρm0
2
∑
j
(sinφj cos(ωt+ ϕj)− cosφj sin(ωt+ ϕj)) zˆ
=
ρm0
2
∑
j
sin (φj − ϕj − ωt) zˆ. (E3)
Depending on the polar position φj and phase ϕj , the
dynamical anapole oscillates in time or vanishes. For
the magnonic homo-dimer (N = 2 on ρ+, and m = 2)
TD = ρ+m0e
i(ωK+2Γ+)tzˆ in the bright and vanishes for
the dark state. When N = 3, however, the roles of bright
and dark states are reversed. In a closed cavity this differ-
ence is inconsequential, but in an open cavity the anapole
is associated with toroidal microwave generation [51, 53]
which can be easily controlled here. We also see that in
open cavities the dark states are dark only in the dipo-
lar field, but radiate energy into toroidal channels. A
uni-direction of the microwave flux does not affect the
anapole directly, however.
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